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Abstract. An expression for a general g-dependent static spin susceptibility is derived by
means of perturbation theory, including a two-electron exchange operator and spin-orbit
coupling. Numerical calculations for hypothetical sets of two bands close to the Fermi level
show that significantly stronger magnetic response can occur for g # 0 than for ¢ = 0, but
only for interband transitions and if the bands intersect the Fermi surface in such a way that
the region of close contact between the g-shifted bands and the Fermi surface is larger than
the corresponding area for the unshifted bands. According to performed band calculations,
this can be the case for Cr (spin-density wave, sDW) and MnP (helix). A symmetry con-
sideration of a helical spin distribution shows that the symmetric and antisymmetric parts of
the anisotropic exchange correspond to different bunching and modulation of the spins. For
example, a longitudinal sDw (as in Cr) corresponds to a vanishing antisymmetric exchange
(AE), while a circular uniform helix minimises the AE and has a vanishing non-diagonal
symmetric exchange.

1. Introduction

The first report of a magnetic structure with helical spin (HS) arrangement is from 1958
by Nagamiya for MnO, [1]. Earlier observations of the neutron diffraction spectrum of
MnO,, which had given puzzling results, gave support to the interpretation that the
magnetic moments change direction periodically like a helix incommensurate with the
lattice. At the same time Carliss ef al [2] found that the magnetic structure of Cr is a
complicated type of antiferromagnet where all the magnetic moments have the same
direction while their magnitude is sinusoidally modulated, i.e. described by a spin-
density wave (SDW).

As the experimental methods were refined and the number of investigated mag-
netically ordered systems increased, the number of systems discovered with helical
structures and other complex types has increased. A compilation (table 1) by the
author shows, however, that incommensurate magnetic structures are still uncommon
compared with the large number of systems with collinear structures.

Inalocalised spin model based on the Heisenberg Hamiltonian, it has been established
that positive exchange integrals correspond to ferromagnetism and negative to anti-
ferromagnetism. A necessary, but not sufficient, condition for a helix, in general incom-
mensurate with the lattice, is that exchange integrals of different sign occur [1, 3].
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By using molecular field theory or other statistical methods, one may also treat
itinerant magnetic systems at arbitrary temperatures. However, such methods have the
drawback that they give almost no fundamental information about the exchange since
the magnetic field is introduced ad hoc.

In the 1960s several papers were published which treated the spin-density wave
in Cr in an electron-gas approach, where the spins were polarised by the exchange
interaction. The results can be summarised in the following way: (i) In the Hartree—
Fock theory, instabilities in the calculated susceptibility curve occurred at g = 2k [4].
(ii) The instabilities occurred only for long-range interaction with a lower electron
density than for realistic metals [S]. (iii) The Fermi surface is crossed by several 3d bands
[6]. (iv) Two nearby bands, whose energies are close to each other and the Fermi surface,
lead to an instability of the spin susceptibility for a smail ¢ vector [7]. The only paper
from the 1960s which we have found to be a basis for a more general theory for HS and
sDw is the band theoretical part of the work of Fedders and Martin [7], where they used
the T matrix for electron-hole scattering in a two-band theory. However, that paper
was adapated to explain the sDw in Cr and is not applicable to HS since spin—orbit
interaction is neglected.

More recently Ukai and Mori [8] performed band calculations for Cr by introducing
potentials corresponding to a lower symmetry than that of the crystal. They found, in
agreement with experimental results, that a SDw with wavelength of 21 times the lattice
constant gave the lowest energy.

Kataoka et a/ [9] used perturbation theory to derive an expression for a g-dependent
susceptibility in an itinerant system including spin—orbit coupling. They found, for
example, that the spin—orbit coupling by means of the antisymmetric part of the sus-
ceptibility tensor can be important for establishing a helix. However, that work is based
onaone-band approach. As we will argue, and as has been found by Fedders and Martin
[7], intraband excitations can give rise to a helix or SDW only under not very realistic
conditions. In a real metal there exist multiple bands and mixings between different
bands, which furthermore intersect each other at several points. A necessary feature of
aphysically reasonable theoretical model of itinerant magnetism is thus that it takes into
account interband transitions as well as the spin—orbit coupling. As far as we know, no
such model has been developed for incommensurate magnetism.

One way to circumvent the difficulties discussed above is to use density-functional
theory. Kibler et al [10] have, for non-collinear antiferromagnetism, very recently
performed a self-consistent spin-polarised band calculation based on the local approxi-
mation. A generalisation of their method to incommensurate structures seems to be
possible but leads to very complicated computational problems and as far as we know
only cluster calculations {11, 12] and non-self-consistent band calculations [13] have
been performed for HS. We believe that self-consistent band-structure calculations with
areasonable approximation for the potentialis the best method to determine the energies
for different magnetic structures for a given system. However, if one is mainly interested
in the fundamental physical principles of incommensurate magnetism, it seems that an
appropriate investigation of a general spin-propagation-vector-dependent susceptibility
should give more relevant information. We will therefore in this paper generalise the
work by Kataoka et al [9] to include a two-electron exchange operator, which enables
transitions between different band electrons (sections 2, 3 and 5). By utilising symmetry
arguments, we obtain in section 4 some characteristic properties for Hs and spw. In
section 6 we make a simple application to MnP (helix) and Cr (sDW).
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2, Hamiltonian for two-band electrons in a crystal

In order to study the magnetic energy in a multi-phase magnetically ordered system the
g-dependent susceptibility tensor x(g) is a very useful quantity since its maximum value
corresponds to the lowest exchange energy. A peak in x(g) at ¢ = 0 would then mean
ferromagnetism, and the one at some other ¢ would indicate a helix, SDW or a more
complicated arrangement of the magnetic moments and with a period defined by that
wavevector ¢.

In order to derive a general g-dependent susceptibility for a two-band system we
consider the following effective Hamiltonian in second quantisation:

Ho=Hy +H +H. (1)

Here ¥, is the Hamiltonian for the non-magnetic system without the spin—orbit coupling.
It includes, for example, the total kinetic energy of the system and core—electron
interaction and is a diagonal operator given by

¥, = % &y 2 aZsaksu (2)

Further, in (1) ¥ ., is an effective operator, which represents the excess exchange energy
for all possible two-electron excitations that arise under spin polarisation of the band
electrons. The one-electron processes can be included in ¥., (two independent one-
particle processes) and in ¥, (excitation of higher order). In second quantisation
has the general form

1 + o+
%ex = 5 2 2 2 2 ngsg,ku4.k131,k232ak454ak353ak252ak151' (3)
ky.sy k2,52 k3,53 k4,54

The matrix element of %, is the matrix element of an operator T,,{x, x,) with respect
to spin orbitals indicated as subscript

X(k—q)s”,(k’+q)s’”,k.s,k’s’ = <(k - (I)S”, (k’ + q)sm| Tex ‘kls’> kS)

- f dr, g, dry d, B o(r)s"(E1) D 4o(r)

X 8"(E )T ex (X1, X2) @ (r2)s'(82) @u(r)s(Ey). 4)

Here we consider the case when two particles in state (k, s) and (k', s") are annihilated
and two new particles in the states (k — ¢, s") and (k' + ¢, s") are created. We use the
notation ®,(r)s(Z) for the spin orbitals used as basis functions for a,,.

In principle one could start with an operator T, (x,, x,) that has the most general
form possible, i.e. it depends in some unspecified way on x; = (r;, £). Since the spin
space is spanned by only two functions, « and 3, we can write

To(x1, x2) = T2 a(E)e(Es) + T2Ba(E)B(Es) + TEB(E)a(Es) + TEB(E)B(ES)
T T\ /o
- ﬁ)<TE;’ 788 >(ﬁ> ®)

if T..(x,,x,) is only a multiplicative linear operator. In the more general case when
T, (xy,x,) is a non-multiplicative linear operator, we can write it as a combination of
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operators working on r; and r, and a combination of the vectors of Pauli spin matrices
o, and 0, i.e.

3
T (xy,x;) = > (LT e ii(ry,r2)0 (L) (6)

ij=1

so that

3

X(k—ll)s"s(k’+q)s”"ks,k’s’ = .21 <S"l o |S><(k - q)S”, (k, + q)smITex.ij |kS, k's' ><SW| O; |S’>.
ij=

)

The second-order tensor T, can be separated into a scalar 7|g, an antisymmetric vector
Ty and a traceless symmetric tensor & [3]

Ty =Ts+Tay+@ (8)
where
TIS = %tr Tex
Tay = E%(Tij —T;)(e; Xe;)
® = {%(Tij +Ty) i#j
Tii_%trTcx (i9j=x’y9z)

and T v (antisymmetric) and ® (symmetric) correspond to anisotropic exchange and are
usually small. The physical origin for @ is mainly the magnetic dipole—dipole interaction.
Since the dominant antisymmetric anisotropic termis from the spin—orbit coupling 1, 3],
which we treat separately (cf. (1)), we can neglect T,y in expression (8). It is not clear
that in general one can also neglect the symmetric tensor . However, in this paper we
will consider only the anisotropy from spin—orbitinteraction, i.e. the case T, = §tr T, =
TIS-

In order to make contact with spin-polarised band calculations, we introduce the
local-spin-density approximation and follow the von Barth and Hedin [14] expansion of
the exchange correlation potential V, (n(r)) to first order in the difference of majority
and minority spins n*(r) and n(r), yielding

Ve (n(r)) = e (n(n)) + A(n(n) {[n*(r) = n? (n)]/n(n)}. ©)

Here u,(n(r)) and A(n(r)) are independent of the spins and are related to the chemical
potential of an electron gas. If we adapt (9) to the exchange potential T, = T}5 defined
above, we can write Ty as a product of an effective local potential V,(r) = —A(n(r))
with the period of the lattice and the fraction spin density S(r) = [n*(r) — n(r)}/n(r) (in
principle incommensurate with the lattice):

TIS = _ch(r)s(r)' (10)

By using (10) and (7) in (3), we obtain the following exchange operator expressed in
fundamental quantities
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Hom 53 D oKk~ )5, (K +a)s"| V(SO ks, K's'

2k.k’,q s.8",8" 8"
+ +
X (s"|o3|s")a k' +q)s" A (k- g)s" ks Ai's' - (11)

The last term in (1) is the spin—orbit operator [15]
—ih
o = gtz 2 2 | WV () x V- olksNaar = 2 D Ly-Gslolshapaw  (12)
s.5" k 5.8
where

Ly = s | TV X V) dr.

This implies that #,, is an anisotropic operator.
By expanding the sum over the spins in (12) one obtains

L. L.
#o=2 (" " Jata, (13)

k+ kz

where a matrix element A, corresponds to the probability to have an excitation between
spin states s and s'. Obviously (13) is not diagonal. However, since the matrix has the
eigenvalues + L, one easily get the following expression for diagonalised ¥ ,:

%so = EESLkC;Ck (14)
s k
where
L= (L} + L} + L3

The diagonalised operator basis ¢y, c; is related to a,,, af; by the unitary matrix U, in
the following way:

Qs = (U;l)ss’cks (15a)
az'.s = (Uk)s’sclts (15b)
where s # 5’ and
Ly —(Ly + Ly,)
U, =i2L (L, + Ly, -'/Z( ) 16a
¥ =1[2L,(Ly + Ly,)) Lot L. L. (16a)
Lk... Lk + Lkl
L,,:1 = '—i[2Lk(Lk + Lkz)]—l/Z( ) (16b)
=(Ly+ Ly,) Lyt

In order to make the structure and the physical significance of the exchange part of the
Hamiltonian more clear, we introduce an exchange field defined by

1
g =— 2 S6-6.1(@)Verq- (17)
Ug G

By using (11), (14), (15) and (17) we can now obtain the Hamiltonian (1) in diagonalised
form for a band system:

Ho+ ¥, = 2> (ex +sLy)ckscus (18)
sk
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%ex = —Up E 2 2 2 FG(k’ k',k -q, k' + q)/zu’y"y”’<s"lUk—qUIU;l |S>

uu 5.8 G kk'.g
W ss"

%x(q)(s"'l Uk'+q02ul;1 ‘S’>C&+q)smci+];_q)snck'5rCks. (19)

"

Here i, u’, " and p" are the band indices. In (19) we have utilised the following Fourier
transform and the fact that the wavefunctions are of Bloch type, i.e.

'y ' — * *
FG(kv k s k q, k q)yy’p”y'" - 2 Uk—q+G+G’,u" Uk’+q+G+G”.y"’ Uk+G,;l Uk'+G.u' (20)
G'.G"

Ue(r) = % Ui e'%" (21)
Ve(r) = 2 Vi €67 (22)
S(r); = g 2 Sg.i(g) el ®utpr oG], (23)

In (23) p is the position in a unit cell for the electron and the indexi = x, y, z.

3. Wavevector-dependent spin susceptibility in a two-band system
3.1. Basic theory

Since time- and space-varying magnetic fields are generally quite small in magnetically
ordered systems, a linear response theory is usually adequate [16]. If the band electrons
act as a liner medium, the susceptibility is 1ndependent of the effective magnetic field,

and we may write [16]

Sc.i(q) = 2up ; 2 Qe HE i(q). (24)
J
The corresponding exchange energy is
(e = s 2 ZH(@)- S5 (@) (25)
. q

The expectation value of the exchange energy can also be written (cf. (19))

<eex>-— 2 X2 2 Folk K k=g, k' + q)yum0lci-gck|0)

yu s,s', G kk'.q
AN

X {s" luk—qalu;l |S>H3((4)<0|le'+qck' |0><S'"|'~"l:'+qf72Ul?l ‘S">- (26)

If H%in (25) is equal to H** defined in (17), we can here identify the spin density defined
in (25) as

S&(g) = E 2 2 X Foll k' k= g,k + @)y Olcigc|0)

y w, s, s, G kk'.q
o sts"
X (s"| Uk—qglul:l |sXOlcit 1 cp |0) (s |U s g0,U R 7). (27)
Here Q is unit volume. By treating ¥., (i.e. (19)) as a perturbation on ¥, we obtain the
wavefunction of the ground state in (27) up to first order. We can then calculate the
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expectation value of S & (¢) and by using (24) we recognise the tensor expression for the
susceptibility defined above:

X(@ee i = XD 600, 1) + x(a) &e.i + 2(9) 86 80, ). (28

Here

H@s0 = 2 Folk, K k=g, kK =~ F (k. K k= g,k = g)*

% flee — €x)f(ep — fk')ffk—q - 8F)f(£k'+q — €f)

(29)
£k~q + 8k'+q — & — Ep
and
K@¥.5 = 2 2 Aok K k=4, K = )" |Usg0,, Ui |9)
X (s|Uea Uil [s")s U 0p, Uil o [s"Xs" U g0, Ui [s") (30)

where
Agg ssissss (ko K Kk — g, k" — q)
= (us/Q)F(k, k', k— q.k' — QFg(k, k', k — ¢, k' — q)*
X [f(ep = & +sLy)f(ep — & +5'Ly)
X f(ex—gq = S"Li—yg — €p)f(€rrqg =5 "Lirq — €F)
X (Agg +$"Ly_g+§"Lypsg—sLy—s'Ly)™!
—fler — &) f(er — Sk')f(fk—q - 8F)f(£k’+q — eg)/Ag]. (31)

Here f(x) is the Fermi function, i.e. f(x) =1 for x >0 and 0 for x <0 when T =0,
Further &g is the Fermi energy, Aey = &,_, + &x4,— & — . In general the states k,
k', k —qand k' + g belong to different bands. For brevity, however, the band indices
have been suppressed in the expressions above. We find that y has two diagonal terms,
one (x“) from the exchange interaction and one from the spin-orbit coupling (x*). The
non-diagonal contributions (") arise from the exchange interaction but also indirectly
from the spin—orbit interaction via the matrix U, given by (16). The explicit expression
for x*° can be found in [17]. In (30), the summation is over all spin states that conserve
the initial spins (s + s’ = 5" + s").

By using expressions (17) and (24) in (25) and adding the spin—orbit energy, one gets
the total magnetic energy

Emag(q) = % 2 Vex,GV:x,GSG.i(q)X(q)(_Rli‘,ijsé,j(q)
ij

+ 2 2sLi+s'Ly +5"Lyg+5" Loy, (32)
s,s'.8".8" k&'
One may therefore, by studying the susceptibility expressions (29)—(31), observe that
(32) in fact is a linear function of y since the spin components are proportional to y (see
(24)) and get some ideas about the origin of incommensurate magnetic structures.
For a band crossing the Fermi level, the energy denominator goes to zero for
transitions with ¢ = 0 within that band and consequently the susceptibility has a peak
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Figure 1. Results from the numerical calculations of the isotropic (1), symmetric anisotropic
(sY) and antisymmetric anisotropic (AsY) contributions to the susceptibility as a function of
q, for two flat bands (one below and one above €p) at T = 0. Here y is presented in relative
units and ¢ is expressed by the rotation angle for a helix by assuming a crystal with a lattice
parameter of 5 A. The anisotropic terms correspond to a spin—-orbit energy of 5% of the total
energy.

for that g value. However, high magnetisation for g # 0 is also in principle a possibility
for a band that intersects the Fermi surface two or more times. On the other hand, owing
to the properties of the Fourier transform of e.g. a 3d or 4f orbital, the numerator is a
monotonical decreasing function of ¢ and consequently ferromagnetism seems to be
favoured by all ordinary intraband transitions.

The situation is different for interband transitions since the denominators in (29)
can, for g # 0, be small over an appreciable region but are in general non-vanishing for
g = 0 transitions.

We have therefore found it worth while to study systematically the susceptibility as
a function of g for two bands near to the Fermi level. In this way, we can investigate if
the predicted peaks for certain g values can be reproduced for physically reasonable
band structures. To do this we have simulated a number of hypothetical band structures
and calculated the susceptibility numerically.

3.2. Numerical calculation of x(q)

It is too complicated to calculate the g-dependent susceptibility for incommensurate
magnetic structures self-consistently through a band calculation, for example. The
calculations therefore rely on a large number of sets of simulated hypothetical band
structures and orbitals of 3d character. To start with, we have only calculated the
dominating diagonal (isotropic) contribution, i.e. (29). In order to simplify the cal-
culations, we have assumed that the bands are spherically symmetric and considered
only two-band systems at T = 0.

The results show that for band structures that do not cross the Fermi surface the
susceptibility curve is a monotonically decreasing function of g (figure 1). For bands
that cross the Fermi surface, under certain conditions, peaks in the y(g) curve of very
variable width and amplitude can occur. More precisely, necessary but not sufficient
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Figure 2, Results from the numerical calculations of the isotropic contributions to the
susceptibility as a function of ¢ and the corresponding band structures. This band structure
type is the most favourable case for strong magnetic response at ¢ # 0 due to interband
transitions (between band f and band «,). Notice that g, is equal to the distance between
the intersection points of the Fermi level. (¢) The case when the derivatives of the bands
have the same magnitude but opposite sign (8 and «) at & corresponds to maximal
amplitude (see text). (b) The flanks of the j curves vary considerably with the distance of
the bands to the Fermi level. Here the maximal amplitudes are almost constant since the
derivative is the same at &.

conditions are: (i) both bandsintersect the Fermi surface atleast once, (ii) narrow bands,
(iii) small derivative de(k)/dk at k = kg and (iv) intraband transitions. We find for
excitations involving two intersection points that the magnetic response can be sig-
nificantly stronger for ¢ # 0 than for g = 0. This result is, however, valid only for band
structures of the types given in figures 2(a) and (b). On the other hand, for excitations
between bands involving three different levels, we obtained no large maximum ampli-
tude in the x(q) curve for q # 0 (figure 3). In figures 2(a) and (b), we show examples of
how a slight modification of the bands can correspond to asignificant change in the shape
of the x(gq) curve. One may understand this behaviour by studying the denominator of
the expression (29):

Nk, k', q)=¢€4_y t g — Ex— Ep. (33)

When x(q) assumes its maximum value for g = g, # 0, it is mainly a consequence of the
fact that N(k, k', q) goes to zero. This is, however, possible only when k and &’ go to kg.
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x (g}

e (k)

€

g, q k

Figure 3. A typical example of a two-band structure with three intersection points of the
Fermi level. The numerical calculations of this type of band structure show only a slight
broadening of the y curvesin figure 1.

Furthermore a sharp peak in the x(g) curve can occur only if N(k, k', ¢) is still small for
k and k' values in the neighbourhood of ki (because the summation is performed over k
and k' independently of each other). We can investigate if this is the case for the band
structures in figure 2 by calculating the derivatives of N(k, k’, g) with respect to k and
k’. If we expand ¢, in a power series, we can keep only the linear terms (a,, by, ¢, and
d, for corresponding terms in (33)) in the neighbourhood of the minimum point (i.e.
g = qo) and get

6N/8k=a1 —Cy (34)
6N/8k’=b1 _dl' (35)

For the band structure o —f (in figure 2(a)) the sum of (34) and (35) is zero. The same
sum is small but non-zero for &,—f and as~f (in figure 2(a)), in increasing order. This
holds, and this is important, also if we take into account the occupation function
constraint in (29). In fact, the discussed conditions for strong peaks in the y(q) curve are
very difficult to satisfy, because they drastically limit the possible shapes and energy
levels of the bands, and we have not found any bandstructure type of the two-band type
other than the one given in figures 2(a) and (b) that satisfies them. According to our
calculations, the conclusions above still hold if we take into consideration the single
interband excitation according to Kataoka et a/ [9].

The interpretation of the numerical calculations is that topological properties of the
Fermi surface is of vital importance to establish a helix of sDw.

Concerning the approximations in the calculations we may note that Umklapp
processes (i.e. G # 0) have a very small influence. The same holds for the shape of the
3d orbitals. For a real and structure the k summation is performed over a Fermi surface
thatmay deviate considerably from spherical symmetry. This affects, of course, the shape
of the susceptibility curve. However, it seems reasonable that there is no qualitative
difference because the properties of the Fourier transform and the mechanism for the
peak in the y curve are the same, independently of how ¢ varies with k.

From a mathematical point of view it is not clear that equation (29) converges for all
types of bands. If all four energy levels involved are located at ¢ and moreover the
Fermi surface is exactly plane for these k values, (29) may diverge or have a pole.
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Table 1. The crystal symmetry of systems with magnetic helical or sDW in the ground state.
The rare-earth elements Ho and Er, with the same crystal symmetry as Tm, have helical and
sDW phases but their ground states have magnetic cone structures.

Crystal Inversion
Compound structure Space group symmetry Ref.
Helix  MnO, Tetragonal P4,/mam =D},  Yes (1]
Mnl, Trigonal P3mt =D}, Yes (13
FeCl, Trigonal R3=C} Yes m
CsCuCl, Hexagonal P6,22 =D} No [1]
RbFeCl, HCP P6;/mmc = D}, Yes [25]
MnP Orthorhombic Pama = DY No [18]
FeP Orthorhombic ~ Pnama = DY, No [18]
CrAs Orthorhombic ~ Pnma = D} No [18]
CoMnP Orthorhombic Pnma = DI No [26]
CrAs; Sby.s Orthorhombic Pnma = DY No [18]
MnSi Cubic P23=T4 No 9]
FeGe Cubic P23=T* No [26]
MnAu, ? ? ? [28]
SDW Cr BCC Im3m = O} Yes [2]
Tm HCP P6./mmc = D, Yes [27)
HoRu,Si, Cubic 14 =DY Yes [26]

However, it seems very improbable that band structures corresponding to large regions
of an exactly plane Fermi surface can be solutions to a Schrédinger equation. We can
therefore make the well founded assumption that y is real and finite for all physically
reasonable band structures.

The next step will be to take also the anisotropic term, expression (29), into account.
In order to understand better how the anisotropic energy influences a helix and sDw, we
will begin the next section with a symmetry analysis.

4. Symmetry analysis of a helix and a spw

Table 1 gives 13 examples of systems with a helix structure (Hs) and the only three
examples of the very uncommon spw. In table 1, a striking fact is the property that most
of the crystal structures have mirror symmetry.

For Hs it is also characteristic that a great number of the crystals lack inversion
symmetry while all the SDW systems have inversion symmetry. Cubic symmetry seems
to be under-represented in Hs but not in sSDW systems. Further, we see that the most
frequent elements are Mn and Cr in compounds with a semiconductor (P, Si, Ge).

As has often been noticed, anisotropic exchange seems to be a determining factor
for a spiral structure [1, 3, 9]. One can understand this by writing out the anisotropic
terms of the magnetic energy (expression (32)):

Emag(q) = % Ve Va8 2 + 15 1S 12 + 22 180 [P + 45 S S
+ ok Sy Sk + Xt S Sk + XSSk

+ x5t Sy Sk F xS SH). (36)
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For simplicity we have suppressed the reciprocal indices G in (36) (cf. (32)).

Itis obvious that for a ferromagnetic structure with, say, S, = S,.e,, all terms except
the x term are zero. On the other hand for a Hs in, say, the xy plane, the number of non-
vamshlng termsin (36)is four. This meansthataHscanin principle, dueto the anisotropic
terms in (36), get a lower energy than a ferromagnetic configuration.

The non-diagonal matrix elements of the susceptibility tensor {or its inverse) can
be separated into a symmetric (x%s = X3, @,8 = x, y, z) and an antisymmetric term

(X = ~Xpa):
Xaﬁsqas;kﬁ + Xﬁasqﬁs:;a = (Xt’tﬁ + Xéfsﬂ)san:ﬁ + (X;ﬂa + X%saf)sqﬁs;kcv
—Xaﬁ(Sqa Sqﬂ+SqﬂS )+X (Sqasqﬁ SqﬂS:;a)' (37)

We will now investigate in which way relation (37) is governed by the symmetry of the
spin density.
The Fourier transform of a general spin density may be written [9]

Sy =2 % S¢.(g) €4 ®ntp)+p:G] (38)
q

where p is a distance vector in a unit cell. For the special case with only one g vector and
G =0, (38) is reduced to

So(r)=S,,e9" + 8t e =8, cos(g-r) + Sy, sin(g-r) (39)
where
r=R,+p
and
Sig=8,+8_,=8,+8; =2Re§, (40)
Sy =iS§,-S_,)=-2ImS,. (41)

From the symmetry point of view, the restriction to G = 0 is not critical since all the
terms in the reciprocal-lattice sum in (38) have the same point-group symmetry.
We will assume that a simple type of helix is given by [18]

= }(u + iv) e'®@ (42)

where u and v are orthogonal normalised vectors and ®(q) = r- g + @, (@, is a phase
angle. A component of S, in (39) can thus be expressed as

Saqg =3ty cos @ — v, sin ) + $i(u, sin ® + v, cos D). (43)
By using (43) the spin product terms in (37) can now be written as

SaqShy T SpeSag = Huaug + v,0p) (44)

SuqSty = SpeSiy = —Hi(uavp — voug). (45)

Because u and v are orthogonal unit vectors, (44) is (independently of the orientation
of u, v) equal to zero for a helix in the @f-plane. On the other hand, the antisymmetric
expression (45) assumes its extreme value for a helix of type (42).
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la) (c)
Figure 4. Schematic illustration of different types
of magnetic helical structures: (a) isotropic cir-
cular helix: (b) bunched circular helix; (¢) modu-
lated helix; (d) elliptic helix. Cases (b)—(d)
¥:)) d)

correspond to different anisotropic exchange
energies.

For a simple sDw, as in Cr, a spin component has the form [19]

S, = 2 ¢, sin(g, - r+ ®,) (46)

where the first harmonic dominates.

Contrary to the helix case, expression (46) corresponds to vanishing antisymmetric
exchange (ASE) and maximum or minimum symmetric exchange (SE). A more general
helical spin configuration than (38), with a modulated amplitude and/or a bunched
distribution, as is illustrated in figure 4, has both SE and ASE because it may be written
as a linear combination of (42) and (46).

One can experimentally determine if a helix is symmetric or antisymmetric from its
dynamic spin-wave spectra [20]. The spin distribution can be measured by neutron
diffraction, Mossbauer spectroscopy of nuclear magnetic resonance. This means that,
if the experimental resolution is sufficiently good, one can verity if the conclusion about
the space distribution of the spins is in agreement with experiment.

A natural extension of this work is thus to study the SE and ASE in more detail. The
sE and ASE contributions to the susceptibility in (30) can be explicitly expressed in L.
By using (16) and (31) and performing the summation over the spin indices for the
second term in (30) under the constraint of spin conservation, one gets:

X&c.i(q) = i‘A(iaj)[ 2 kzk (Aceri-1-1 + Ager,—11-11)

M
w' o
f

U

L _ L L L.
><< *k=0n (k»)( ®+an (k)n>
Lk—q Lk Lk’+q Lk’

+ 2 (Age i + Aggr-1-1-1-1)

y (Lac—q)n _ L(k)n>(L(k’+q>n _ L(k'),,>] @
Lk—q Lk Lk’+q Lk'

and
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oo (@) = 2 k%: (Age . + Agor—1-1-1-1 Y Agoi-1-11 + Ao —11-11)0(, f)
Hou .

ot

+ [LkiLk'jL(k—q)iL(k'u), + Ly Ly Lo gl e+

- (Lk—q : Lk)(Lk’+q : Lk’)é(i’j)]/LkKk'Lk—-qu’+q- (48)

Here A(i, ) is the antisymmetric operator (A(i,j) = —A(j,{)) and i, j, n are space
coordinates x, y, z (notice that the n-coordinate in (47) is directed perpendicular to the
spins).

It is obvious from (31) that the expressions (47) and (48) vanish for L, = 0. As
Kataokaeral[9] have shown, L, vanishes forcrystals with aninversion centre (neglecting
relativistic effects), i.e. corresponding to a symmetric anisotropic exchange. An inter-
esting consequence of inversion symmetry is that if a helix and a sDw of types (42) and
(46), respectively, have the same isotropic energy, the SDW gets according to its collinear
spin arrangement, lower anisotropic energy and consequently also lower total magnetic
energy than the helix. Experimental results for Cr, HoRu,Si, and Tm (table 1) confirm
that inversion symmetry favours SDw and we have not found any counter-example. One
may also note that a requirement for a contribution from the ASE expression (47) is that
L, has a component perpendicular to the plane of the helix. In a localised spin model
one can show, by combining the atomic expression for the angular momentum (see, e.g.,
the textbook by Zieger and Pratt [21]) with the symmetry relations of the DM term
(Moriya [22]), that the main component is perpendicular to the spins for crystals with a
mirror plane or n-fold (n = 3) rotation symmetry (but no inversion centre). The result
can give a hint of the reason why those symmetries dominate in helical systems (table 1).
For itinerant magnetic systems an exhaustive investigation of expression (12) should give
more information about this topic, but this is beyond scope of this paper.

5. Numerical calculation of the anisotropic susceptibility

In order to obtain an estimate of the magnitude of the symmetric and antisymmetric
contributions to the susceptibility, we have numerically calculated the non-diagonal
matrix elements, i.e. the expressions (47) and (48) for the band structures given in figures
1-3. The same approximations as for the diagonal terms were adapted. Unfortunately,
the spin—orbit energy and the dispersion relation of L, are complicated to calculate. We
have therefore supposed that L, is a constant. This can partly be justified by the result
from orbital susceptibility calculations for 3d elements by Yasui and Shimizu [23]. The
calculations have been performed for spin—orbit energies that correspond to splittings
of 1%, 5% and 10% of the corresponding band energies. The result indicated that the
magnitudes of the anisotropic susceptibility vary approximately linearly with the spin—
orbit energy. Throughout, the symmetric terms are about a factor 2-3 larger than the
antisymmetric ones and the total anisotropic contribution varies between 5 and 30% of
the corresponding isotropic term (figure 1). The shapes of the curves are similar for the
different contributions but somewhat flatter than the isotropic term. For example, the
peaks in the anisotropic x(gq) curve have the same positions with respect to g but the
half-widths are a factor 2-3 larger than in figures 2(a) and (b).
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Figure 5. Non-magnetic band structures for Cr and Fe calculated by the LMTO method. The
small difference in the shape between the bands of Cr and Fe has been neglected.

6. Application to Cr and MnP

Cr is the classical example of a SDw and a two-band model has been used by Fedders and
Martin [7] to explain the sDw. However, their interpretation based on Lomer’s [6]
analysis of the Fermi surface of Cr needs to be slightly modified. Moreover, a modern
band calculation gives much more accurate information about the topology of the Fermi
surface.

We have therefore calculated the band structure of Cr self-consistently by the LMTO
method. The atomic sphere approximation was adapted for the potential [24]. As can
be seen in figure 5, four bands intersect the Fermi level. In order to demonstrate that
the area of close contact between two shifted bands and the Fermi surface is large, we
have sketched in figure 6 the corresponding cross sections in the (100) plane (a hole for
band o around H and excess charges only around I' for band 8). As Lomer pointed out
already in 1962 [6], if one shifts band « or 8 by ¢ = 7/a = ¢ (¢ a small number), the
energy denominator in a perturbation calculation (i.e. (28) in our model) is small over
an appreciable region, namely the area of contact indicated in figure 6.

The same interpretation for Fe (also BCC) gives about 50% smaller region of contact
(cf. figure 6). Furthermore, analyses of the band structure of Fe and Cr show that Fe has
3d bands almost parallel with the Fermi surface, which probably favours interband
transition with g = 0.

Manganese phosphide (MnP) has orthorhombic crystal structure with the space
group Pnma (eight atoms per unit cell) and a helical spin arrangement atlow temperature
which propagates in the z direction with ¢ = 16° [18]. The band structure for non-
magnetic MnP has been calculated with the LMTO method. According to figure 7 this
system is approximately a two-band system, of the same type as in figure 2, in the xz
plane and close to the Fermi level. Band f8 has a hole centred around the I' point and
a small pocket of electrons between I' and x. Band « also has a hole in the k,—k, plane
of approximately the same shape as band § but is translated in the z direction about
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Figure 6. The cross section in reciprocal space of the (100) plane of the Fermi surface for
the bands marked « and f in figure 4. Hatching indicates a separate occupied electron zone
for band « in Cr. Band f has a hole around the H point marked with a full curve. The
corresponding border lines are shown broken for Fe.
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Figure 7. Part of the non-magnetic band structure for MnP, calculated by the LMTO method.

q, = 15-65° if we assume an accuracy of =10 mRyd in the band calculation (figure 8).
It thus seems that, if the band structure is sufficiently accurately calculated, one canin the
same way as for Cr qualitatively describe the occurrence of a helix and the propagation
direction in terms of transitions between the bands o and .

7. Conclusions

This work shows that, by combining perturbation theory with non-magnetic band cal-
culations and symmetry analyses, one can get qualitative information about heli-
magnetism and spw, which one cannot get from self-consistent bands or cluster
calculations of large magnetic cells. The determining factor for an incommensurate
magnetic structure, in the present model, is that the region of close contact between the
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Figure 8. Sketch of the cross section in the reciprocal (101) plane of the Fermi surface for

the bands marked & and $ in figure 6. Hatching labels occupation of bands « and 8,
respectively, as shown.

g-shifted band structure and the Fermi surface is larger than for the corresponding
unshifted (i.e. g = 0) band structure.

How powerful the approach is depends on how well the approximations introduced
fit to the real system. It is doubtful, for example, if the method can be applied to systems
with many bands that cross each other and the Fermi level several times. A test of this
approach should be the Pnma system (to which MnP belongs). Because several helical
and ferromagnetic compounds belong to this space group, one can investigate if some
of the systems can be approximated by two-band systems and it is possible to determine
the magnetic structure by studying transitions between two bands near to the Fermi
level. By symmetry considerations of the anisotropic energy for different spin con-
figurations, we have found that it is possible to relate the space distribution of the spins
to different symmetries of the exchange energy.
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